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Abstract 
The distributed dislocation technique is used to analyze the defects in the forms of cracks in a half-plane under time-
harmonic anti-plane excitation. The stress fields are obtained for a half- plane containing a Volterra screw dislocation. 
The method of images is utilized to derive the solution of a screw dislocation under time-harmonic conditions for an 
elastic half-plane from the solution of infinite planes. The dislocation solutions are utilized to formulate integral 
equations for dislocation density functions on the surfaces of smooth cracks. The integral equations are of Cauchy 
singular type which are solved numerically for several different cases of crack configurations and arrangements. The 
displacement and stress components are obtained for a half-plane under concentrated anti-plane, time-harmonic 
traction. The dislocation solution is employed to analyze a half-plane weakened by cracks under anti-plane point load. 
The solution may be viewed as the Green’s function for a half-plane under arbitrary self-equilibrating traction. The 
effects of load frequency and crack orientation on the stress intensity factors are studied. 
© 2011 Published by Elsevier Ltd.  
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1. INTRODUCTION
The stress analysis in elastic regions, weakened by defects subject to dynamic loading, is imperative for 
evaluating the damage caused by fatigue of material. Apparently, the stress analysis in elastic half-plane 
weakened by cracks under dynamic loading, unlike the static case, has not attracted much attention. 
Apparently, the first study dealing with dynamic crack problems was conducted by (Maue 1953). He 
analyzed a semi-infinite crack in an infinite plane under time-harmonic stress wave by means of the 
Wiener-Hopf technique. The dynamic stress intensity factor for a finite crack in the infinite plane under 
anti-plane deformation was determined by (Loeber and Sih 1968). (Mal 1970), investigated the diffraction 
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of incident longitudinal and anti-plane time-harmonic waves by a Griffith crack. (Itou 1980), considered 
the diffraction problem by two coplanar cracks located in an infinite isotropic elastic medium subjected to 
anti-plane shear wave. By utilizing the Fourier transformation the problem reduced to two simultaneous 
integral equations which were solved by the series expansion method. (So and Huang 1988) employed the 
concept of the dislocation model to determine the dynamic stress intensity factors of two interacting 
cracks with arbitrary positions subjected to anti-plane waves.. (Ma et al. 2004), considered two parallel 
cracks at the inters of a functionally graded layer surrounded by two dissimilar half-planes. The mode III 
dynamic stress intensity factors were obtained under time harmonic excitation. 
In the present study, the solution of screw dislocation with harmonic motion in infinite planes obtained in 
(Ayatollahi et al. 2009) together with the method of images are employed to derive the solution of screw 
dislocation in an elastic half-plane. The elastodynamic problem of a flawless half-plane under anti-plane, 
self-equilibrium, time-harmonic point forces is solved. The solution may be viewed as the Green’s 
function for a half-plane under arbitrary self-equilibrating traction. The dislocation solutions are 
employed to formulate integral equations for a half-plane weakened by cracks and/or cavities. The 
integral equations are of Cauchy singular type which are solved numerically for the dislocation density on 
the cracks s. Several examples of half-plane with cracks are solved to study the effects of excitation 
frequency on stress intensity factors and also the interaction between cracks. 
2. DISLOCATON SOLUTION 
The stress components in an infinite plane containing a time-harmonic screw dislocation with the 
amplitude of Burgers vector zb  located at a point with coordinates ),( K[  were derived in (Ayatollahi et 
al. 2009) and is recited here  
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where )(xCi  and )(xSi  are, respectively, the sine and cosine integral functions, (Abramowitz and Stegun 
1972), ckT Z  and .)()( 22 K[  yxr  For a half-plane weakened by a screw dislocation with 
Bergers vector zb  situated at a point with coordinates ( K[ , ), the stress components may be obtained 
from the solution of an infinite plane by positioning dislocation with Bergers vector zb  at points with 
coordinates K[   yx ,  and dislocations with Bergers vector zb  at points with coordinates 
,, K[   yx . Employing Eq. (1), and the principle of superposition, the stress components in the half-
plane containing dislocation yield 
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where 224
22
3 )()(,)()( K[K[   yxryxr  It is worth mentioning that the integrands    (2) 
in stress components are continuous functions in fd u1  with a sufficiently fast rate of decay as 
,fou  making them susceptible to numerical evaluation. 
3. HALF-PLANE UNDER ANTIPLANE POINT-FORCE 
The constitutive equations, for an elastic medium with elastic shear modulus P  under anti-plane 
deformation ),,( tyxW  are  
x
W
tyxxz w
w PV ),,(
y
W
tyxyz w
w PV ),,(                                                                                                                                      (3)                 
The equation of motion for an elastic body under anti-plane deformation is  
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In Eq. (4), the characteristic shear wave velocity is ,UP c  where P  is the elastic shear modulus and 
U  is the mass density of material. We let the half-plane be under time-harmonic concentrated applied 
load with magnitude 0W  on the edge represented by 
ti
yz extx
ZGWV )(),0,( 0                                                                                                                          (5)                 
where )(xG  is the Dirac delta function. The solution to equation (4) is considered in separable form  
tieyxwtyxW Z),(),,(                                                                                                                                  (6)                  
the displacement field becomes (Achenbach 1976) 
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where )(0 rkJ T  and )(0 rkY T  are the Bessel functions of zero order of first and second kinds, respectively, 
Similar to the displacement field the stress components become 
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At the points of application of load, stress fields exhibit the familiar Cauchy type singularity r1 .
4. HALF-PLANE WEAKENED BY CRACKS 
The dislocation solutions accomplished in the preceding section may be employed to analyze a half-plane 
with N arbitrarily oriented cracks, with smooth faces. The cracks configuration may be described in 
parametric form as 
)(sx ii D 
Nissy ii ,...,2,111)(  dd E                                                                                          (9)                  
The moveable orthogonal t,n-coordinate system is chosen such that the origin may move on a crack while 
the t-axis remains tangent to the crack face. The anti-plane traction on the face of the i-th crack in terms 
of stress components in Cartesian coordinates is 
)(sin)(cos),( ssyx ixziyziinz TVTVV                                                                                                    (10)                  
where ))(/)((tan)( 1 sss iii DET cc 
 is the angle between x and t axes on the i-th defect. Suppose 
dislocations with unknown complex density jjzj iBBB 21   are distributed on the infinitesimal segment 
dpjj
22 ][][ ED cc at the face of the j-th crack where the parameter 11 dd p and prime denotes 
differentiation with respect to the relevant argument. The traction on the sur of i-th crack due to the 
presence of dislocations on the faces of all N crack s yields 
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From Eqs. (2) and (10), the kernel of integral equation (11) becomes 
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where 224
22
3 )()(,)()( jijiijjijiij rr EEDDEEDD   . It is noteworthy to mention that in 
Eqs. (12), D  and E  with subscripts i and j are functions of s and p, respectively. It is easy to observe that 
the kernel of integral Eq. (11) exhibit Cauchy type singularity for ji   as 03 oijr  or .04 oijr  The 
anti-plane traction on the face of the i-th crack in view of Eqs. (8) and (10) becomes 
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where 220 )( iii yxxr   Employing the definition of dislocation density function, the anti-plane 
opening across the boundary of the j-th crack is  
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Let the half-plane be weakened by N cracks, respectively. The displacement field is single-valued out of 
the faces of embedded defects. Consequently, the dislocation density functions are subjected to the 
following closure requirement  
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To obtain dislocation density functions, the integral equations (11) and (15) are to be solved 
simultaneously. This task is taken up by the methodology devised in (Erdogan et al. 1973). The stress 
intensity factors for i-th crack in terms of crack opening displacement are 
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where Lir  and Rir  designate distances, respectively, from the left and right crack tips to a point on the 
crack , determined as follows 
2
1
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It is worth mentioning that in the limit as 0oLir  and 0oRir , the parameter 1os  and 1os ,
respectively. To obtain the stress intensity factors for embedded cracks carrying out some elementary 
manipulation leads to  
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6. NUMERICAL RESULTS 
We consider a half-plane with elastic shear wave velocity )./(3000 smc   In all examples, the half-plane 
is under concentrated anti-plane point loads as specified in Eq. (5), the quantity of interest is the absolute 
values of non-dimensional stress intensity factor for cracks 0/ kk , where we take .00
Lk W  The first 
example deals with a half-plane weakened by an embedded crack situated at two different locations 
0.2 Lyc  and 5.3 Lyc . The problem is symmetric with respect to the y-axis. The non-dimensional 
stress intensity factor ,0kk  versus the wave number ,LkT F  is shown in Fig. (1). The largest values 
of 0/ kk  occur at 35.1 F  for 0.2 Lyc  and 57.1 F  for 5.3 Lyc . Two collinear cracks under 
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anti-plane load with two different distances between cracks centers for 2 Lyc  are considered. The 
problem is symmetric with respect to y-axis. The plots of stress intensity factors against F  are shown in 
Fig. (2). It is interesting to note that stress intensity factor at cracks tips R is larger than cracks tips L 
because the interaction of crack tips R is higher than crack tips L . Decreasing distance of crack tips 
resulting in higher stress intensity factors for cracks.  
Fig. (1). Stress intensity factor verses excitation frequency 
 In the last example, the half-plane is weakened by a stationary and rotating crack with equal lengths 
where distance between crack centers 0.3,3.2 La  is shown in Fig. (2). the range of variation of the 
stress intensity factor at tip 1R  is wider than 1L  which is due to the stronger interaction with the rotating 
crack.
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Fig. 2. Stress intensity factors of two collinear cracks versus excitation frequency 
Fig. (3) Stress intensity factors of a fixed and rotating crack. 
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7. CONCLUSIONS 
The distributed dislocation technique is used to analyze the cracks in a half-plane under time-harmonic 
anti-plane excitation. The analysis shows that for a single and multiple collinear cracks under antiplane 
traction, stress intensity factor increases with increasing load frequency reaching a maximum value then 
decreases with a faster rate. This phenomenon was previously reported by other investigator for infinite 
planes. The steady of interaction of fixed and rotating cracks reveals that the variations of stress intensity 
factor at the tips of rotating cracks are much larger than those of stationary cracks. 
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